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TOWARDS HOMOLOGICAL PROJECTIVE DUALITY FOR 

S2p3 and S2p4 


SHINOBU HOSONO AND HIROMICHI TAKAGI 


Abstract. We provide homological foundations to establish conjectural ho¬ 
mological projective dualities between 1) and the double cover of the 

projective 9-space branched along the symmetric determinantal quartic, and 
2) and the double cover of the symmetric determinantal quintic in P^^ 

branched along the symmetric determinantal locus of rank at most 3. 


1. Introduction 

Throughout this paper, we work over C, the complex number field. We fix a 
vector space V of dimension n -I- 1 and denote by V* the dual vector space to V. 

Let us consider the projective space P(S^V*) which we identify with the space 
of quadrics in P(V). In a separate paper [13], we have considered the locus C 
P(S^V*) which represents quadrics in P(V) of rank at most r. is a determinantal 
variety which is defined by (r -|- 1) x (r -b 1) minors of the generic (n -b 1) x (n -b 1) 
symmetric matrix, and we have called it symmetric determinantal locus of rank at 
most r. As studied in [ibid.], when r is even, has a double cover T^ branched 
along Sr-i. Tr is called double symmetric determinantal locus of rank at most r. 
These definitions apply in the same way using the dual projective spaces, i.e., S* 
and its double cover T* (when r is even) are defined using the dual projective space 
P(S2V). 

In [ibid.], we have studied algebro-geometric properties of S^. and T^ in detail 
motivated by the so-called homological projective duality (HPD) due to Kuznetsov 
im. HPD is a powerful framework to describe the derived category of a projective 
variety with its dual variety. Several interesting examples such as Pfafhan varieties 
(i.e., determinantal loci of anti-symmetric matrices) |18| and the second Veronese 
variety S* |2l] as well as the linear duality in general [T71 §8] have been studied. 

The purpose of this paper is to lay homological foundations to establish the 
HPDs for S 2 with u = 3,4. Indeed this paper is an extended version of the second 
part of [331 (the paper [T3| contains generalizations of the first part of [ibid.]). It 
is useful to note that S 2 may be identified with S^P(V) in a similar way to the 
relation of S* and the second Veronese variety U 2 (P(U)). These conjectual HPDs 
are special cases of two different types of plausible HPDs, which have naturally 
arisen from our algebro-geometric study on and T^ in |14L §3.5, 3.6]. 

The first one is the duality between S*^ 2 -r Tr for each even r. We suspect 
that their suitable non-commutative resolutions are HPD to each other with respect 
to certain (dual) Lefschetz collections because there exist orthogonal linear sections 
of S*^ 2 -r ^-iid Tj. such that they are Calabi-Yau varieties of the same dimension 
(see m Prop. 3.2 and 3.6]). In this paper, we consider the case where n = r = 4, 
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namely, we study S 2 and T4 for n = 4. In this case, there exist orthogonal linear 
sections X of S 2 and Y of T4 such that they are smooth Calabi-Yau threefolds. X is 
so called a Calabi- Yau threefold of Reye congruence, and we call Y a double quintic 
symmetroid. In |14| . we constructed certain resolutions S 2 and T4 of S 2 and T4, 
respectively. In this paper, we construct (dual) Lefschetz collections in the derived 
categories of the resolutions S 2 and T 4 ICorollaries 13.51 and 15.13)1 . We remark 
that the (dual) Lefschetz collections have been originally read off from a locally 
free resolution of certain ideal sheaf on T 4 x S 2 (see [H]). Based on these (dual) 
Lefschetz collections, we have shown in [12] that X and Y are derived equivalent 
(see also nniini). Moreover, we show that the dual Lefschetz collection in V^(^ 2 ) 
gives a dual Lefschetz decomposition of a categorical resolution of 11 ^( 82 ) 0 defined 
by Kuznetsov iTheorem 13.711 . These should be strong evidences for HPD between 
S; and T4. 

The second plausible duality is between S*_|_]^_r and T^ for each even r. This 

duality may be observed in the resolution of S„_|_]^_r and the fiber space 

Ur of Tr which have been constructed by using certain projective bundles over the 
Grassmannian G(n + 1 — U) [Tl]. It turns out that Ur are given as 

certain incident varieties in P(S^U) x G(n + 1 — U) and P(S^U*) x G(n + 1 —U), 
respectively, and are orthogonal to each other with respect to the dual pairing 
between S^U and S^U*. We will see that and Ur are precisely in the 

setting of the linear duality established by Kuzunetsov [171 § 8 ] and hence HPD 

~5(t 

to each other. This duality between Ur indicates certain relationship 

between the derived categories of S*_|_]^_r and Tr. In this paper, to provide a 
supporting evidence, we consider the case of n = 3 and r = 4, i.e., we study 82 
and T 4 for n = 3. In this case, we have an Enriques surface of Reye congruence 
and an Artin-Mumford double solid as an orthogonal linear sections of 82 and T 4 , 
respectively. We construct (dual) Lefschetz collections in the derived categories 
of the resolutions 82 and T 4 IGorollaries 13.31 and I5.11|) . Based on these (dual) 
Lefschetz collections, we will show in m that there exists a close relationship 
between the derived categories of the two linear sections. Moreover, we show that 

~-5(t 

the dual Lefschetz collection in 'D°{S 2 ) gives a dual Lefschetz decomposition of a 
categorical resolution of V^{S 2 ) defined by Kuznetsov iTheorem 13.71) . These 
should be strong evidences for HPD between 82 and T 4 . 

Acknowledgement. This paper is supported in part by Grant-in Aid 8 cientific 
Research (8 24224001, B 23340010 S.H.) and Grant-in Aid for Young 8 cientists 
(B 20740005, H.T.). They thank Nicolas Addington and 8 ergey Galkin for useful 
communications. They also thank Jorgen Void Rennemo for letting us know about 
his Ph.D. thesis. 


2. Basic results 

2.1. Borel-Weil-Bott Theorem. We frequently use the following Borel-Weil- 
Bott Theorem. 


Similar results have been obtained in 1231 using the category of matrix factorizations and the 
variation of GIT method PEIIH]. 
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For a locally free sheaf £ of rank r on a variety and a nonincreasing sequence 
/? = (/3i, /? 2 , ■ • ■, fir) of integers, we denote by YPE the associated locally free sheaf 
with the Schur functor 

Theorem 2.1. Let-K: G( 7 ’, .4) X be a Grassmann bundle for a loeally free sheaf 
A on a variety X of rank n and 0—>-<5—^.4.—^0 the universal exact 
sequence. For /3 := (ai,..., a^) € IF (ai > • • • > Or) and 7 := (ar+i, • ■ • j On) S 
2"“’’ (or+i > • • • > On)) we set a := (/ 3 , 7 ) and V{a) := Y^S* ( 8 > Y'^Q*. Define 
p := (n,..., 1 ) and for an element a of the n-th symmetric group ©„, we set 
(7 ■ (a) := cr(a + p) — p. Then the followings hold: 

(1) If <7{a + p) contains two equal integers, then i?® 7 r*V(a) = 0 for any i > 0. 

(2) If there exists an element a € ©„ such that a{a + p) is strictly decreasing, 

then i?®7r*V(a) = 0 for any i > 0 except = Y'^i°‘')A*, where l{a) 

represents the length of a G ©n- 

Proof. See [3], [S], or [551 Cor. (4.19)]. □ 

2.2. Basic definitions for triangulated categories. We recall some basic defi¬ 
nitions from the theory of triangulated categories (cf. I21I3])- 

Definition 2 . 2 . An object f in a triangulated category D is called an exceptional 
object if Hom(f, f) ~ C and Hom*(f, £) = 0 for • ^ 0. 

Definition 2.3. A triangulated subcategory V of D is called admissible if there 
are right and left adjoint functors for the inclusion functor —>• D. 

Definition 2.4. A sequence Vi,..., T>m of admissible triangulated subcategories in 
a triangulated category D is called a semiorthogonal collection if Homu)!?^, X>j) = 0 
for any i > j. Moreover, if Hi,..., generates H, then it is called a semiorthog¬ 
onal decomposition. 

A semiorthogonal collection of exceptional objects £ 1 ,... ,£n is called an excep¬ 
tional collection. Moreover, if Horn*£ 7 ) = 0 holds for any i,j and • 0, then 

it is called a strongly exceptional collection. 

Hereafter, in this article, we restrict our attention to the cases of the derived 
categories of bounded complexes of coherent sheaves on a variety. In such cases, a 
special type of semiorthogonal collection plays an important role (cf. [TTl I18| b 

Definition 2.5. For a variety X, a Lefschetz collection of TA’{X) is a semiorthog¬ 
onal collection of the following form: 

^o,^^i(l)) • ■ • ,Dm-i(rn — 1 ), 

where 0 C H^-i C Vm -2 C • • ■ C Hq C V'^{X) and (fc) means the twist by 
with a fixed invertible sheaf L. Moreover, if Hg, Hi(l),..., Hm-i(m — 1) generate 
D^{X), then it is called a Lefschetz decomposition. 

Similarly, a dual Lefschetz collection of D^{X) is a semiorthogonal collection of 
the following form: 

- 2 )),... ,Ho, 

where it holds that 0 C H^-i C Dm -2 C ■ • ■ C Hg C T>^{X). Moreover, if 
— 1 )), Dm- 2 {—{m — 2 )),..., Hg generate TF{X), then it is called a dual 
Lefschetz decomposition. 
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3. Dual Lefschetz collection in 

3.1. Symmetric determinantal loci S 2 and its Springer resolution S 2 . We 

recall that S 2 C P(S^l^) is the locus of quadrics in P(l/*) of rank at most two. The 
Springer resolution of S 2 as in [141 (2.1)] is S 2 := P(S^S'), where T is the universal 
subbundle on G(2,l/). As in [HI Subsect. 3.2], we may identify S 2 with the Chow 
variety of length two 0-cycles in P(l/). With this identification, we may interpret 
m Prop. 2.1 (2)] in this situation as follow: 

§2 := {([^ 2 ], M) I Supp 77 C P(P 2 )} C G(2,P) X S;, 

where we consider 77 is a length two 0-cycle in P(P). From this description of S 2 , it 

~j}: 

is easy to see that S 2 is the Hilbert scheme of length two 0-dimensional subschemes 
of P(H) and the Springer resolution S 2 S 2 is the Hilbert-Chow morphism. Note 
that S 2 —>■ S 2 is isomorphic over [ 77 ] £ S 2 if the support of 77 consists of two distinct 
points since then 77 determines the line P(V 2 ) such that 77 C P(P 2 ) uniquely. If 
the support of 77 consists of one point, say x, then the fiber over [77] parameterizes 
lines through x. Therefore the exceptional locus Ef of S 2 —>■ S 2 is a prime divisor 
isomorphic to P(T). In particular, Ef has a P”“^-bundle structure over the rank 
one locus S* ~ P(P). 

3.2. Homological properties of certain locally free sheaves on For 

brevity of notation, we set 

JT := S;, £ := § 2 , f: £ ^ 3E, g: 3t ^ G{2,V). 

We also denote hy H£■ and L^- the pull-back of Op(s 2 y)(l) and (!lG( 2 ,y)(l)- For 
brevity of notation, we often omit the subscripts ^ from H£■ and L £■, and g* for 
the pull-back of coherent sheaves to 3E of G(2, H). 

We consider the Euler sequence 

associated to P(S^5') —>• G(2, V). Twisting this by L we obtain 
(3.1) 0 0^{—H + L) ^ S^5'(Z/) —>■ T^/G( 2 ,y)(“^ + L) ^ 0. 

Theorem 3.1. Suppose tt, = 3,4. 

(1) The ordered sequence 0^{—H), 0^{—L), T, orT^f^^^ v)(~^ + F) is semi- 
orthogonal. 

(2) Let A or B he one of the locally free sheaves O£-{—H), S', or 

T£fv)i.~H + L) on £. Then 

{ t = 1 : n = 3, 

t = 2,3 : n = 3 and B ^ T^v)(~^ + 

1 < t < 4 : 77 = 4. 


We prepare the following lemma for our proof of the theorem in case 77 = 4 . The 
lemma follows from m Prop.4. 8 ], but for the reader’s convenience we present a 
proof. 
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Lemma 3.2. Suppose n = 4 . For C = A* ^ B, it holds that 

H%3t,C{-t)) ~ H^—{£',C*{t - 5)) for any t. 

Proof. By [CT §2.1], we have = —5H + Ef where Ef is the /-exceptional 
divisor. By the Serre duality, we have C(—t)) ~ H^~*{t^,C*{{t—5)H+Ef)) 

for any t. By the exact sequence 

0 C*i(t - 5)) ^ C*iit - 5)H + Ef) C*iit - b)H + Ef)\E; 0, 

we have only to show that E[^~*{Ef,C*{{t — 5)7? + Ef)\Ei) = 0. As we see in 
Subsection 13.11 the image of Ef by / is S* and 77/ —)• S* ~ is a P^-bundle. 
Therefore it suffices to show the vanishing of cohomology groups of the restriction 
oiC*{{t-h)H + Ef)\Ef to afiber T of A/ ^ S^. By [ibid.], 0^{Ef)\T ~ Op 3 (- 2 ) 
and 0^{E[)\t — Ops. As we see in Subsection 13.11 Ef parameterizes pairs of a 
point X G P(14) and a line / through x. Therefore a fiber T = P^ parameterizes lines 
through a fixed point (i.e., Vi C V 2 C 1? for a fixed point x = [!/])■ This implies 
that g*lF*|r — Ops © C>p 3 (l). Restricting the natural injection 77) ^ 

to r, we have an injection 

Op3 —> Op3 © Ops( — l) © Ops ( — 2). 

Therefore, by the Euler sequence, we have T£-/G( 2 ,v)(~^~^^)lr — Ops ©Op 3 (—1). 
Consequently, C*((t—5)77+77/)|r is a direct sum of Ops(—l), Ops(—2) and C>p 3 (—3) 
for any C and 7, hence all of its cohomology groups vanish. □ 


Proof of Theorem 13.11 In any case, we can calculate the cohomology groups in a 
similar way. Thus we only give computations only for n = 4 and A = T, B = 
T^/Q( 2 y)(—77 + L). Note that we may assume that t = 0,1,2 by Lemma [3.21 
which simplifies the computations considerably. Twisted (I3.1|l with B*{—tH), we 
obtain 

(3.2) 0 ^ T*(-(7 + 1)77 + L) ^ r © S^T{-tH + L) ^ 

J* © ’?".^/G(2,y)(“(^ + 1)^ + 7/) —^ 0. 

We compute the cohomology groups of T*(—(7 + 1)77 +L) and T* © S^T(—777 +L). 
We see that 77*(+*(—(7 + 1)77 + L)) is 0 for 7 = 0,1 since G(2,R) is a P^- 

bundle. To compute H*{3^{—3H+L)), we take its Serre dual T{—3L)) ~ 

77®“*(G(2, R),+*(—4)), which vanish by Theorem 12.11 We also see that 77*(T* © 
S^5'(—777 + L)) is 0 for 7 = 1,2 since ^ G(2, V) is a P^-bundle, and 

77*(r © S'^T{L)) ~ 77*(G(2, V), © {S^+Xl)) ~ 77*(G(2, R), © +*), 

which vanish except for • = 0, and 

77°(G(2, R), © +*) - 77°(G(2, R), T*) ~ V* 

by Theorem 12.II Therefore, by (13.21) . we have 77*(+* ©T’^/q (2 + + L)) 

is 0 except for • = 0 and 7 = 0, and 77°(+* ® v)(~^ + 

□ 
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3.3. Dual Lefschetz collection in T)^{5K'). It is straightforward to obtain the 
following result from Theorem 13.II 

Corollary 3.3. Suppose n = 3. Let A := {3, 2, la, lb} be an ordered set (A, ^). 
Define 

be an ordered collection of sheaves. We define the followinq trianqulated subcate¬ 
gories ofV\3t) : 


Then 

is a dual Lefschetz collection, where {—t) represents the twist by the sheaf 0^{—tH). 

Remark 3.4. We can obtain the following results by a similar method to show 
Theorem 13.11 

(1) We see that Ext^(J^|, J'g (—2)) ~ C. This is the reason for the elimination of 

from 

(2) a£A is a strongly exceptional collection in 

(3) Horn’s of the sheaves in the above collection are given by the following diagram: 

fFla 





lb 


In case n = 4, the following dual Lefschetz collection is suitable for our purpose 
(see mi). 

Corollary 3.5. Suppose n = 4. Let A := {3, 2, la, lb} be an ordered set (A, ^). 
Define an ordered collection of sheaves on ST ; 

ot')a(^A •— {fRs: ^2: fRla ^ S' 

— + ‘2.L),0£{L)). 

SetV^ := (J-^, J-2*, J-|) C Then 

is a dual Lefschetz collection, where {—t) represents the twist by the sheaf O^{—tH). 
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Proof. By taking the dual of the sheaves of Theorem 13.II (1), we have the following 
dual Lefschetz collection: 

- L), T{-4H), 0^[-AH + L), 0^{-3H), 


^St/Gi2,V) 

Let C be one of the sheaves in this collection except 0^{H). Then by Lemma [321 
it holds that 

Hom*(C)^(iL),C) ~ Horn®—(C,0^(-4iL)). 

Therefore we obtain the following dual Lefschetz collection. 

O^i-AH), r{-AH), 0^{-AH + L), 


^St/G(2,V)i^ ^Sti^)- 

Tensoring this with 0^{—L), we obtain the desired dual Lefschetz collection. □ 


Remark 3.6. We may also obtain the following results by a similar method to show 
Theorem 13.11 (see my 

(1) (-^c) a£A is a strongly exceptional collection of 

(2) Horn’s of the sheaves in the above collection are given by the following diagram: 



3.4. Categorical and noncommutative resolution Since ^ SP 

is a resolution of rational singularities whose exceptional locus is a prime divisor 
Ef, we have a triangulated subcategory V C 'D^{St) called a categorical resolution 
for every dual Lefschetz decomposition of V^^Ef) [l9l Theorem 1]. There 
is a natural dual Lefschetz decomposition of ViEr) for the P”“^-bundle Ef ^ Si = 

V 2 {nv)) m- 

(1) (n is even) 

V\Ef) = + 2 ),..., Ci(-2),Co), 

where Co = Ci = ■ • • = C^.i = ((/|b^)*P'>(P(H))(-1), (/|b^)*P'>(P(H))), 
where {—k) is the twist by O£-{—kL)\Ef ■ 

(2) (n is odd) 

V\Ef) = {C^{-n+l),...,Cf{-2),Co), 

where Cq = Ci = • • • = C^^ = ((/|i 5 ,)*I?'’(P(H))(-l), (/|b,)*I?''(P(H))), and 

= {if\E,rv\nv))y 
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Let V be the triangulated subcategory of which consists of objects F such 

that l*F S Co, where l is the natural closed embedding Ej ^ ^. By [19], 
has the following semi-orthogonal decomposition: 

(t*C^_i(—n -I- 2),, i*Ci(—2), r>) : n is even. 

(t*Cn^ (—n -I- 1),..., t*Ci(—2), P) : n is odd. 

Recall that 5F is Gorenstein if and only if n is even m §2.1]. When n is even, 1) 
is strongly crepant. Indeed, in this case, the conditions of [ibid., Prop. 4.7] holds: 

• Cq = Cl = • • • = C"_i(the decomposition is called rectangular), and 

• the discrepancy of / is l |14l §2.1]), which is equal to the length of the 
decomposition of 'D^{Ef). 

The categorical resolution is also related to the noncommutative resolution by 
Van den Bergh m Theorem 2]). It is easy to see that 

TZ := ft:£nd {O^ (B 0£-{—L)) 

satisfies the assumptions of [ibid.]; to check Cq is generated by l*£ is obvious, and 
to check £ is tilting follows from the standard relative vanishing theorem. Thus 

V ~ V{3F,n). 

3.5. Dual Lefschetz decomposition of the categorical resolution for n = 

2,3,4. 

Theorem 3.7. For n = 2,3,4, we have the following dual Lefschetz decomposition 
oft) : 

V ~ {An{-n),.. . ,.4i(-l), A), 

where 
Ao 
Ao 
A 2 
Ao 

We set 

'■= P(S^3'), 3Fn := S^P(V) for V with dim V = n -I- 1. 

Proof of Theorem 13.71 in case n = 2. 

Note that t) is equivalent to Tt{^ 2 ) since ^£2 —t ^2 is crepant. Since ^£2 
is a P^-bundle over the projective plane G(2, V) ~ P(V*), the derived category 
£^’{^£ 2 ) has the following standard semi-orthogonal decomposition by Beilinson’s 
and Orlov’s results: 

V^{3t2) = { 0^^i-2H-L), n-2H), O ^^{-2H) 

Since = —3H, we obtain by mutating to the left; 

V^(£2) = ( 0^^(-3H), 0^J-2H-L), J(-2H), 

0^^(-2H), O^J-H-L), T(-iJ), 


= Ai=A 2 = {0^{-H),0^{-L),3)forn = 2, 

= Ai = {O^{—F[), O^{—L), 3^, F L)), and 

= A 3 = (0^i-H),0^{-L),tr} forn = 3, 

= • • • = A = Osti-L), T, r^/G(2,v)(-^ + L)) for n = 4 . 



(3.4) 


) 
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which is nothing but the desired result for n = 2. □ 

The rest of this subsection is occupied with our proof of Theorem 13.71 in case 
n = 3,4. 

We have already shown that An{—n), ■ ■ ■, 1), Aq is semi-orthogonal in The¬ 

orem ixn Besides, they are contained in the left orthogonal to 

lC(-2) .^/^*(/k)*25W(-2):n = 3, 

* \((/b,)*P''(p4)(-3),(/b,)*P'(p4)(-2)) :n = 4 

since the restrictions of 


to a fiber ~ p"-i of Ef P(y) are direct sums of Opn-i and Opn-i(—1) (cf. the 
proof of Lemma 13.211 . 

We set 

J A '■= ^0 — Ai, Al '■ = Ai = ^3 : 71 = 3, 

:= ^0 = • • • = -44 : 71 = 4. 

We define the following triangulated subcategory C C 


C := 


^{lXi{-2),A'{-?,),A'{-2),A{-1),A) : 77 = 3, 
^(i*Ci(-2),^(-4),^(-3),^(-2),^(-l),^) : n = 4. 


Then, by [5], we have the following semiorthogonal decomposition of 


(3.5) 

T^b/ c 


= d.Ci(-2), 0^3(-4f7), 

C^3(-377 -L). 

T(-377), 



0^3 

05f3(-277 - 7). 

T(-277), 



0^3 (-277). 

1 

0 

;L(-77). 

7if3/G(2, V) (-277 -1- L) 


Oaf3(-^). 

0^3 (-7). 


75?3/G(2,V)( —+ 7). 

C>. 

Note that the restriction of the gray part of (13.5p corresponds to the r.h.s. of (13.41) 

(3.6) 






C^3(-477 -L), 

T(-477), 

7.^3/g(2,v)( — 577 + L) 


0^3 (-477), 

0^3(-377 -L). 

T(-377), 

7«f3/G(2, V) (-477 -1- L) 


0^3 (-377), 

05f3(-2«-7). 

J(-277), 

7’.^3/G(2, V) ( — 377 -1- L) 


0^3 (-277). 

0^3(-77-7), 

;L(-77), 

7.^3/g(2,v)( —277 + L) 


0^3 (-77). 

0^3 (-7). 


75f3/G(2,V)(-77 + 7), 

C>. 


Note that the restriction of the gray part of (I3.6|l corresponds to a part of the r.h.s. 
of (13.51) . 

It remains to show the fullness of the collection t*Ci(—2), .A„(—ti), ..., ^i(— 1), 
equivalently, C = 0. Following the inductive argument of Kuznetsov in the proof 
of |201 Thm. 4.1], we reduce the proof for to the fullness of the collection for 
and then the proof for to the fullness of the collection for For this, 
we take an 7 i-dimensional vector subspace V C V. Then we simply denote P(S^3’) 
over G(2,K') by as a subvariety of ^n- Let j: ^n-i ^ be the natural 

closed immersion. It is well-known (see [101 Lem. 4.4]) that the Koszul resolution 
of is the following form: 


(3-7) 0 -)• 0£^{-L) 0 . 

Then, by a similar result to dOl Lem. 4.5], we have only to show j*£ = 0 for any 
object £ oi C since we may choose V freely and we may assume the fullness of the 
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collection for SCn-\- For this, arguing as in [201 P-165], we have only to show the 
following claim by (|3.7p : 

Lemma 3.8. The following sheaves of the form V ® Q are contained in : 

• {n = 3) V is one of the sheaves in the gray part of (13.51) . namely, 

V = 0^^{-iH) {l<i< 3), O^^i-iH - L) {0 < i < 2), J{-iH) [0 < i < 2), 

Q is one of the sheaves in the exact sequence dSH) except j* O, namely, 
Q = 0 ^ 3 (-L), 

• (n = 4) 7^ is one of the sheaves in the gray part of (|3.6p . namely, 

V = O^^i-iH) (1 < * < 4), - L) (0 < i < 3), Ji-tH) (0 < i < 3), 

£-ilG{2y )+ I/) (i = 1,2), 

Q is one of the sheaves in the exact sequence dSH) except j* O ^ 3 , namely, 
Q = 0^^{-L),T,0st,- 

To show Lemma 13.81 we prepare the following three results: 

Lemma 3.9. We denote by the tautological divisor of Ef ~ P(T). For any 

k &1, there exist the following exact sequences: 

(3.8) 0 0^i-2H - kL) -)■ 0^{-{2 + k)L) y- C>is^(-(2 + k)L) y- 0, 

(3.9) 0 Ti-H - kL) T(-(fc + 1)L) ^ Oej - [k + 2)L) 0, 

(3.10) 0 ^ r^yQ(2,y)(“2iJ —/cL) —>• 

'^^/G(2,V) — {k + 1)L) —>■ Osf (2iJp^gr^ — {k + 3)1/) —0. 

(3.11) 0 —)> —)> T £—>■ 0, 

(3.12) 0 ^ T^/g(2,v)(-^) ^ S2T(i7 -L)^ 0^{2H - 3L) ^ 0, 
Proof. Noting that 

(3.13) Ef^2{H-L) ([I4l§2.1]), 

( 1 ^ is obtained from the standard exact sequence 0 —>■ 0^{—Ef) —(> Oaf; —>• 
Oe; —>■ 0 by tensoring O^{—{k + 2)L). (13.111) is nothing but the Euler sequence. 
(I3.12P is obtained by dualizing and twisting (13.111) . 

We will construct the exact sequence (13.91) . Twisting {kL), it suffices to 
show the existence of the exact sequence 

(3.14) 0 ^ T{-H) ^ T{-L) ^ Oe; (-ffp(j) - 2L) ^ 0, 

where we note that O^ {E[)\e; ~ Oe; ( 2 -ffp( 3 '))- The construction below is nothing 
but a relativization of the Kapranov’s construction of the spinor sheave Opi(l) on 
a plane conic. By the Littlewood-Richardson rule, we have T ~ S^T 0 T(—1) 

on G(2, V). Therefore we have a map p: T —>■ T(—1) by the projection to the 

second factor. Let [V 2 ] € G(2, V) be any point. It is convenient to identify S^V 2 
with the spaces of binary fc-forms with variables x, y. Then the map p coincides 
up to constant with the SL (V 2 )-equivariant map 5: S^V 2 ® V 2 —>• F 2 such that 

dxdy dydx 
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for / G S^V 2 and g G V 2 . Computing explicitly, we see that the composite 

52^2 ® SV 2 ® F 2 ’’4'^ SV 2 ® F 2 4 ^2 

satisfies (/, f,g) (6^—4ac)g, where / = ax'^+bxy+cy'^. Since S^(S^V 2 ) — 

as an SL (V 2 )-module, the map 5^14 0 S^V 2 —>■ C satisfying (/,/) H> 6^ — 4ac 
corresponding to the projection S^(S^V 2 ) —>■ C to the second factor. Therefore the 
composite 

T(-l) 4 T(-2) 

coincides with the map 0 0 T —;■ Og( 2 .v)(~ 2 ) 0 T induced from the pro¬ 

jection 

(3.15) 525-0 52 52 ( 525 -) ~ 5^?© Og(2,v)(-2) ^ Og(2,v)(-2). 

Since the map 52 ( 525 ) —)• (5g(2.i/)(~2) corresponds to the conic fibration Ef - G - 
G(2,14), we see that p is the Clifford multiplication associated to Ef -G G(2,l/). 
Therefore, by the construction of the spinor sheaf Ori{l) on a plane conic, we see 
that the map on ^ 

C>^ (-15)0 5-^ 52505-4 5(-T) 

is injective and the cokernel C is an invertible sheave on illy of the form OEf (^p(5') + 
aL) with some a S Z. Since the induced map 5(—L) —£ is SL (14)-equivariant, 
we see that a = — 2. Therefore we have obtained the desired exact sequence (I3.14p . 

The construction of (13.101) is similar to that of (13.91) . so we only give a sketch 
below. Twisting 0£-^{kL), it suffices to show the existence of the exact sequence 

(3.16) 0 ->■ Ta^/ g{2,v){~H — L) ^ 0£;^(2iip^j^ — 3L) 0. 

By the Littlewood-Richardson rule, we have 5250525 ~ 5^5©525(— 1 )©( 5 g( 2 ,v) (—2) 
on G(2,14). Therefore we have a map q: 5250 525 -G 525(—1) by the projection 
to the middle factor. We see that this map is locally defined as the map 5 above. 
Now we consider the composite of the maps on 

0^{-H) 0 525 5250 525 4 525(-L). 

Then, by local computations, we see that the restriction of this map to 0^{—E[) 0 
0^{—H) is zero. Therefore, noting S'^3^/0£-{—H) ~ 2^.^/g( 2 have 

the following map: 

9 - ® '^X/G(2,v)i~^) S'^J{-L) -)• - L). 

We consider the composite 

(3.17) O^(-i7)0O^(-i5)0T^/G(2,^)(-i5) ^ 

® ^X/G{2,V)i~^ — L) 4 — 21/). 

Note that, by (|3.13p . we obtain a map 

(3.18) 0^{-2H)^0^{-2L) 

twisting the natural map 0£-{—Ef) ^ O^- with 0^{—2L). As in the case of 
(I3.10p . we see by local computations that (13.171) coincides with the map ()3.18ll 0 
r^/G (2 Therefore, g is a Glifford multiplication. Again, by local com¬ 

putations, we see that q is injective and the cokernel A4 is an invertible sheave 
on Ef of the form + bL) with some 6 G Z. Since the induced map 
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/G (2 v)i~^ — L) —5- is SL (F)-equivariant, we see that b = —3. Therefore we 

have obtained the desired exact sequence (13.161) . 

□ 

Corollary 3.10. For n = 3, 4, the following sheaves are contained in : 

(1) O^^{—iH — 2L) for n = 3,4 and —1 < i < n — 1. 

(2) 0^^{—iH — 3L) for n = 4 and —2 < i < 2. 

(3) J{—iH — L) for n = 3,4 and —1 < i < n — 1. 

(4) 3^{—iH — 2L) for n = 4 and —2 < i <2. 

(5) Tfor n = 3 and i = 0,1, and n = A and 0 < i < A. 

(6) T ~ L) for n = A and —1 < i < 3. 

Proof. All the assertions can be proved in a similar way by using the exact sequences 
in Lemma [3.91 Thus it should suffice to prove some of them. 

To show (3), we consider ()3.9I1 0 O^^{—iH) with k = 0: 

0 ^ T(-(z + 1)H) J{-iH -L)^ Oej ((-2i + l)i?p(gr) - 2L) 0. 

Since OEf{{—2i + — 2L) € t*C(—2) C , and T(—(i + 1)H) £ C-*~ for 

0<i + l<nby (13.51) . we have 3^{—iH — L) £ lor —1 < i < n — 1. 

To show (4), we consider (13.91) ® O^^{—iH) with k = 1: 

0 ^ Ji-{i + 1)H - L) •J{-iH-2L) C>ij^((-2i + - 3L) ^ 0. 

Since OEjii—2i + l)Hp^^.^ —3L) £ i*C(—2) C C-^ for n = A, and T(—(i + l)iL —L) £ 
C-*~ for —1 < i + 1 < 3 by (3) as we have proved, we have 3^{—iF[ — 2L) £ C-^ for 

-2 < i < 2. □ 

Lemma 3.11. (1) For n = 3, there exist the following exact sequences: 

(3.19) 0 ^ (8)0^3 ^ ^ 0, 

(3.20) 0 ^ 0^3(-3L) -)> F^V* ® O^^{-2L) V* 0. 

(2) For n = A, there exist the following exact sequences: 

(3.21) V® ^ 

V*®O^^{L)^r{L)^0 

(3.22) 0 (-4L) ^ A^F* ® 0^^{-3L) 

A^V* ® T(-2L) ^ y* ® S'^J{-L) ^ 0. 

Proof. See |201 the proof of Lem. 4.3]. □ 

Proof of Lemma 13. 81 First we assume that n = 3. 

Case Q = O The assertion holds since V £ C"*-. 

Case Q = 0^^{-L). 11 V = 0^^{-iH){l < i < 3), then V{-L) = O^^{-iH - 
L) £ by dSH). If P = 0£^{-iH -L) {0<i< 2), then V{-L) = O £^{-iH - 
2L) £ by Corollary 13.101 (1). If P = 7{—iFl) (0 < i < 2), then P(—L) = 
3^(—iff — L) e C-*- by Corollary 13. 101 ('3'). 

Case Q = T. If P = 0^^{-iH) (I < i < 3), then T®P = 7{-iH) £ by (IXHl) . 
If p = Oxsi-iH-L) {0<i< 2), then T®P ~ J{-iH-L) £ by Cnrolla.rvIffiTfll 

(3) . Finally we assume that P = J{—iF[) {0 < i < 2). We note that T®T(—iiJ) ~ 
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0^^{—iH — L)®S'^3^{—iH). Since 0^^{—iH — L) ^ bv (|3.5I) . it remains to show 
S'^3'{—iH) €C^. For it suffices to show that (—77), ’r^^Q (-2 y)(—77) S 
by (j3.1ip . By (|3.5F 0£^{—H) G C^. Moreover, by Corollary 13.101 f5b we see that 
T^/q (2 y^{—H) G C"*-. The argument for S^T(—777) (7 = 1,2) is slightly involved. 
We use also Lemma [3.111 By considering (13.191) ® 777), we are reduced to 

show T(-777), 0^^{-iH + L) G C^. By ([331), G 

C^. For + L), we consider (13.1111 ® O— 1)77 + L). Then we are 

reduce to show that S^T(—(7 — 1)77 + L) G C-*- since ^^^2 + L) G by 

(13.5F For S^3^(—(i — l)H+L). we consider (l3.20p $^C>^^^('— ('7 —llTf+Ll. Then we are 
reduced to show that 0^^{—{i—l)H—2L), — T(—(7 —1)77) G C-^. 

The latter two sheaves is contained in by (13.51) . and (—(i — 1)77 — 2L) G C-*- 

byCorollarying(l). 

Next we consider the case n = 4. 

Case Q = The assertion holds since V G C^. 

Case Q = 0^^{-L). li V = (1 < 7 < 4), then V{-L) = - 

L) G by dSll). liV = - L) (0 < 7 < 3), then V{-L) = O- 

2L) G C-^ by Corollary 13.101 (1). If 7* = 3'[—iH) (0 < 7 < 3), then V{—L) = 
J{-iH -L) gC^ by Corollary [330] (3). If 7* = T^^/G{ 2 ,v)i-iH + L) {i = 1,2), 
then V{—L) = ^ by Corollarv l3.10l (5). 

Case Q = T. If 7" = 0^^{—iH) (1 < 7 < 4), then = J{—iH) G by (|3.6D . 
If 7? = Os:^{—iH — L) (0 < 7 < 3), then T® 7" ~ J{—iH — L) G by Corollary 
[TTOI (3). For V = T(-777) (0 < 7 < 3), we note that T® T(-777) ~ - 

L) © S^T(—777). By (13.5p . O— L) G C^. For S^T(—777) G C^, we consider 

(13.111) ©(!la^^ 1—7771. Then it suffices to show that (7 + 1)77), T^/q( 2 ,v)(“(* + 

1) 77) G C^. 0£-^(—(i + 1)77) G by (I33p. We have T’^/q( 2 ,v)(“(* + 1)'^^) ^ 

bv Corollarv l3.10l 151. Finally we assume that 7^ = T^^^q (-2 y)(—777 +7) (7 = 1,2). 
The argument below is slightly involved. Considering (13.121) © T(—(7 — 1)77 + L), 
we are reduced to show that 0 — 2)77), +(—(7 — 3)77 — 27) G C"^. We 

have +(—(7 — 3)77 — 27) G C"*- by Corollarv l3.10l (4). As for S^5’©+(—(7 — 2)77), we 
note that the decomposition © 3'(“(* ~ 2)77) ~ S^T(—(7 — 2)77) © +(—7 — (7 — 

2) 77). We have +(—7 — (7 — 2)77) G C"*" by Corollary 13.101 (3). Now we show that 

S^+(—(7 — 2)77) G C-*-. Considering (13.221) © 0£-^(—(i — 2)77), we are reduced to 
show that C>^J-(7-2)77-47), (7-2)77-37), +(-(7-2)77-27), S2+(-(7- 

2)77 - 7) G C-L. We have O^J-(i - 2)77 - 37) and +(-(7 - 2)77 - 27) G C-^ by 
Corollary 13.101 (2) and (4) respectively. As for S^+(—(7 — 2)77 — 7), considering 

(13.111) © — 2)77 — 7), we are reduce to show 0£-^(—(i — 1)77 — 7) G C*^, 

which follows from (13.6L and T'^^/g (2 v)(~(* “ 1)-^ “ -b) G C-*-, which follows from 
Corollarv l3.10l ( 6 ). To show that 0£-^(—(i — 2)77 — 47) G C"*-, we consider (13.121) © 
O— L). Then we are reduced to show that v) + G C"*", 

which follows from Corollary 13.101 ( 6 ), and S^+(—(7 — 1)77 — 27) G C^. For the 
latter, we consider (I3.21l) ©0 gy^('—('7 —1177 —271. Then we are reduced to show that 
j(_(i _ l)i/_ 27), 0^3-(* - 1)77-27), 0^3-(* - 1)77-7),+(-(7 - 1)77) G C^, 
which follow from Corollarv l3.10l f4l and (1), and (13.61) . respectively. □ 
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Now we have finished our proof of Theorem 13.71 □ 

Remark 3.12. We believe that a similar method work for any n as in [20] once we 
can find a suitable candidate of the dual Lefschetz collection of maximal length. 

4. Locally free sheaves Sli Q, Q on 

In this section, n is any integer greater than or equal to 3. 

4.1. Birational geometry of the double symmetric loci T 4 . As in [HI §3.4], 
we set 

^ := S 4 , ■■= S 4 , ^ := T 4 , ^ := U 4 , 

where T4 is the double cover of S4 branched along S3. We quickly review the main 
result of im, which describe the birational geometry of 
Let 

^3 :=G( 3 ,a 20 ) 

with the universal quotient bundle 0 of G(n — 3, V). In case n = 3, we consider 
G(n — 3, V) is a point and 0 is the vector space V. We denote by and 
the subvarieties of parameterizing p-planes and cr-planes respectively (we refer 
for the definitions of p-planes and a-planes to [141 §4-1]). In [ibid., §4.5], we have 
seen that ~ F(n — 3, n — 2; 0) and — F(n — 3, n; V), where F(a, 6; V) := 
{(C“, C^) I C“ C C'' C 0} is the flag variety. 

In [ibid.], we construct the following diagram: 





r \ 



V_ J 


where 

• 'W the normalization of the subvariety of G(3, parametrizing 

3-planes annihilated by at least n — 3 linearly independent vectors in V by 
the wedge product ([ibid.. Prop. 4.8, 4.9[), 

• ^ ^ is a small contraction contracting to ^p ~ G(n —2, V) ([ibid.. 

Prop. 4.11[) with the isomorphic image of 

• ^ '3^ is the (anti-) flip for the small contraction ^ —)• ([ibid., §4.4]), 

• W ^ ^ is a small contraction contracting Gp P(S^Qp to p 
G(n — 2,P), where Qp is the universal quotient bundle on G(n — 2,P) 
([ibid.. Prop. 4.15[), 
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• is the blow-up along the subvariety !^p ([ibid., §4.5 and 

§4J]), _ 

• /% : ^ is the blow-up along the subvariety Gp of codimension n — 2 

([ibid^Prop. 4.22 (1)1), 

• \ & —>■ is an extremal divisorial contraction with exceptional divisor 

([ibiU, §4.6, Prop. 4.22 (2), §5]), 

• is the blow-up along the strict transform of 3^a ([ibid., §4.4, 
Rem. 4.23]). 

Remark 4.1. In case n = 3, we consider = G(3, A^V) and ~ 

In the subsequent subsections, we introduce locally free sheaves Sl, Q, O on 
which will play central roles in our construction of the Lefschetz collection in 

In Sections |4| and El and Appendix |Al we use the following convention for the 
invertible sheaves: 

Le: the pull back on a variety S of (!Ig („_3 y)( 1 ) if there is a morphism S 
G(n — 3, V). In case n = 3, we consider Le as the trivial sheaf ( 8 > Os- 
Me: the pull back on a variety E of 034 ( 1 ) if there is a morphism E —S 4 . 

We often omit the subscripts E for Le and Me if no confusion is likely possible. 

4.2. Locally free sheaves Q on Consider the following universal sequence 
of the Grassmann bundle = G(3, A^O) over G(n — 3, V) (cf. [71 p.434[): 

(4.1) 0 —y S —^ —y Q —^ 0, 

where S is the relative universal subbundle of rank three and Q is the relative 
universal quotient bundle of rank three. Similarly, we denote by S the universal 
subbundle of rank three of the Grassmannian G(3, A"“^P). Then we have 

Proposition 4.2. S{—L^^) is the pull-back of S. 

Proof. We may write a point of ^ by y = ([[7], [P„_ 3 ]) with [17] G G(3, A^(P/^4-3))^ 
[Pra- 3 ] G G{n — 3,P). y is mapped to [U] = [U A A”“^14i-3] G Note that 
A”“^P „_3 = vr ^3 0p(y)(—l)|y = —L^^\y. Therefore is the pull-back of S. 

□ 

Now we have the following proposition (and dehnition): 

Proposition 4.3. There exist locally free sheaves Sl and Q on '3^ which satisfy 
^2‘5(—= ffy^SL and Q. 

Proof. We define Sl to be the pullback of <S to iP, then the first claim is immediate 
by the commutativity of the morphisms in the diagram in Subsection 14.11 To see 
the existence of Q, consider the universal sequence dHH) on 3 A 3 . Let [P„_ 3 ,P„_ 2 ] be 
a point on the exceptional locus t^p = F(n —3, n —2, V) -A t^’p = G(n —2, V) of the 
small resolution % -A <3a'. Since *S|[v„_ 3 ,y„_ 2 ] = {VjVn-i) A {yn-iIVn-yi) by [HI 
Prop. 4.1[, we have 0 —>■ (P/Pi- 2 )A(V)i- 2 /Pi- 3 ) 7 \^(P/ 14 ,- 3 ) 2 l[V'„- 3 ,Vn- 2 ] ^ 

0. Hence we have Q|[y„_ 3 ,y„_ 2 ] — A^iV/Vn- 2 ), which implies Q\.y ~ for the 
fiber 7 = _ 3 ^ _ 2 ^ p) G(n — 2, P) over [Pi_ 2 ]. It also implies that 

p^^Q is trivial on a fiber of ^ by [141 Prop. 4.22]. The last property 


HPD for and S^P^ 


16 


and Lemma UU below ensure the existence of a locally free sheaf Q on such that 

Q = Q- □ 

The following lemma should be well-known for experts but we give a proof for 
readers’ convenience: 

Lemma 4.4. Let Y be a smooth projective variety and f: X ^ Y the blow-up 
along a smooth subvariety S C Y. Let £ be a locally free sheaf on X of rank r such 
that, for any nontrivial fiber 7 of f, it holds that £\^ ~ O®'". Then there exists a 
locally free sheaf £ on Y such that £ = f*£. 

Proof. We give a proof by using Mori theory. Let tt: P(f) —X be the natural 
projection and H the tautological divisor. We denote by E the /-exceptional divisor 
and set F := 7 r“^(£'). Since £\.y ~ O®’^, we have 7 r“^( 7 ) ~ x 7 and is 

a divisor of type (1, 0). Moreover, since = —rH -|- 7 r*(det £ Kx), any curve 

in a fiber of 7 r“^( 7 ) —>• is negative for Lfp(f). Therefore any curve in a fiber of 

7 r“^ ( 7 ) —p' -i spans a Ap(f )-negative extremal ray in NE(P(f) /Y) and a sufficient 
multiple of H defines a birational morphism p: P(f) —^ P over Y contracting fibers 
of 7 r“^( 7 ) —>■ P’’“^. Let g: P —>■ T be the induced morphism. It is easy to see that 
P is smooth and p is the blow-up along p{F). Moreover, H is the pull-back of a 
Cartier divisor H on P and the restriction of H to any fiber ~ P’'“i of P F is 
OpT— 1 ( 1 ). Therefore £ := q^:Op{H) is a locally free sheaf of rank r on F and it 
holds that £ ~ f*£ by construction. □ 

4.3. Locally free sheaf 13 on 3^. Let us focus on the local geometry of the blow¬ 
up ^ ^ which is described by = F(n — 3, n — 2, F) —>■ = G(n — 2, F). 

We denote the universal sub-bundles of the partial flag variety F(n — 3, n — 2, F) 
by TZn-s C 'R-n -2 C TZv-, where we set TZy ■= V <8) Op(^n- 3 ,n- 2 ,v) and rankT^j, = k. 
There is an exact sequence 

(4.2) 0 —>■ TZn—2/TZn-3 TZv/TZn-3 TZvlTZn-2 0. 

It is also useful to identify with the projective bundle P(i3) over G(n — 3, F). 
Then the exact sequence above is nothing but the relative Fuler sequence of the 
projective bundle n-p : P(i3) G(n — 3, F) with 

TZn-2lTZn-3 = C3p( Q )(~l)j TZy /TZn-3 = 

and TZvlTZn -2 is the twisted relative tangent bundle T^^/Q(^n -2 

Proposition 4.5. Let = '%3 ° P 3 r .2 composite of —)■ with 

^ G(n — 3, F). Denote by i : Fp ^ 3^2 the inclusion of the exceptional 
divisor, and by Pp : Fp ^ LX*p C the restriction Pp := Then the kernel 

fn:=Ker {vr^O* ^ A o ^(!3p(Q )(!)} 

is a locally free sheaf on 3^2 ■ 

Proof. From (I4.2|l . we have a surjection (T^iTZy/TZn- 3 )* fTp{TZn- 2 /TZn- 3 )* —>■ 0 
and also i, o fTp{TZv/TZn- 3 )* i„ o f^{TZn- 2 /TZn- 3 )* 0. Let 91 be the kernel 
of the composite of the latter and the natural surjection i* o f^Q* = 

i* o f^{TZv/TZn- 3 )*■ Then we obtain the exact sequence 

(4.3) 0 —^91 —t —y i* o /C^C9p(Q )(1) —t 0. 
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By taking £xt{—, of this sequence, we see that iH is a locally free sheaf on 
(see m III, Ex 6.6]). □ 

Lemma 4.6. = Of'^ for each fiber 5 ~ P"“3 gf 

Proof. Each fiber 6 oi Fp ^ Gp projects isomorphically to a fiber of F{n — 3, n — 
2,V) —)• G(n — 2,V), and further to a copy of _ 3^t/). Therefore 

77^^53*15 ~ ©Op—3(-l) and also /C^Op(q )(1)|5 — Opn-a)-!). By restricting 

the exact sequence (14.311 . we obtain 

9I|5 —>■ 0®^_3 0 Opn-3(—1) —>■ (!Ipn-3(—1) 0, 

which shows that there is a surjection —>• 0®„^_3 with its kernel being an in¬ 
vertible sheaf C. Note that detlH ~ — Fp) from (14.3E Now, since 

L^^ls = 05 ( 1 ) by definition and also Fp\g = C)pn-3(—1), we have det ~ Os and 
£ ~ Os. Hence fHja ~ Of'^. □ 

Now we define £32 := 91* ■ From Lemmas 14.41 and 14.61 we have the following 
proposition (and definition): 

Proposition 4.7. There exists a locally free sheaf Q on ^ such that 

O 2 = 

The following exact sequence will be used in our later calculations: 
Proposition 4.8. There exists the following exact sequence. 

(4.4) 0 —>■ 77^2^ ^2 —>-7*0 /^C3p(£j )(—1 )(£'p|fp) 0. 

Proof. By taking 'Hom(—, O'sr^) of (14.3p . we obtain: 

0 —>■ 77^20 O 2 —t £xt0^^ (i, O t^O]p(Q )(1), Ogr^) —>■ 0. 

The claim follows by evaluating Ext^^ as 

O ffp-Op^Q )(l),C>3r2) ~ u£a;t^^^(4rOp(a )(l),i*e><% 

where we use the Grothendieck-Verdier duality with i' — '^*^‘ 3^2 0 wp- [—1] = 

Of,{Fp\f^)[-1]. ' □ 


4.4. Properties of S*,Q restricted on I^p and As in the last subsection, 
we identify If^p = F(n — 3,n — 2, E) with the projective bundle P(0) with TTp : 
P(0) —1- G(n — 3, V). We introduce two divisors on tf^p; 

= 0p(c> )(1) and := 7rpOG(n-3,y)(l)- 

Proposition 4.9. ~ S*{L<3s^)\^^ and Q\gs>^ S*{L^ 2 )\^^- 

Proof. Proofs of the both relations are similar, so we only prove the former. Take 
a point [Pv„_ 2 /v„_ 3 ] of C G(3, A^0). Let lEi and IE 2 be the fiber of S* and 
Q at [Pv„_ 2 /v„_ 3 ]) respectively. We compare the restrictions of the universal exact 
sequence dSD and its dual; 

0 Wi A^VjVn-3 ^ H 2 0, 

0 ^ (W 2 )* ^ {A^V/Vn-a)* -A (Wi)* ^ 0. 
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Note that P(VFi) = Pv„_2/v„_3- Choose a basis {§1,62,63,64} of VlVn-3 so that 
K1-2/K1-3 = (ei). Then Wi = (§1 A §2,61 A §3,61 A § 4 ). By the non-degenerate 
pairing f\^VlVn-3 x t^VjVn-z A^P/P„_3 ~ C, we may identify t^VjVn-z and 
(A^fA/Prt-s)*. Under this identification, we see from the explicit basis of W\ that 
(W2)* coincides with W\ since an element of (W2)* is nothing but an element of 
(A^U/U„_3)* vanishing on Wi. Since iVn-j, is a fiber of at [Pv„_2/v„_3]i 
we conclude that *S|^p ~ Q*\&‘p ® □ 

Proposition 4.10. 

( 1 ) Q\g^p = lT^n-2) — {Ti-V/T^n-2)*{Hg!>^ + Lgs^). 

( 2 ) det Q|^p = 2{Hgs^ + Lge^). 

Proof. (1) Since S|[i/„_3,v„_2] = A^(U/14-2) by the proof of Propositionand 
(7^y/7^„_2)|[y„_3.y„_2] = U/i4-2, we have By taking the 

determinant of (I4.2L we have 

/\^{Tivl'R.n-2) — A'^(72.v/ 72.„_3) (gi (72.„_2/7 ^,i- 3)* — (8)Op(Q)(l). 

Thereforeweobtaintheisomorphism = A^(72.v/7^„_2) — (Tlv/'P-n-2)*{Hg^p + 
Lgs^). The claim (2) follows from det Q|^ = A^{A^{TZv/Tln-2)) — {A^{P-v/'P-n-2))'^^■ 

□ 


5. Lefschotz collection in 'D^{fV) 

In this section, we assume that n = 3,4. Using the sheaves Sl,Q, O intro¬ 
duced in Section m we construct a Lefschetz collection in which shows an 

interesting duality between the (dual) Lefschetz collection obtained in Theorem l3.3l 


5.1. Homological properties of Sl, Q, 0- 


Theorem 5.1. Suppose n = 3,4. 

(1) The ordered sequenee O^, 0, Sf, or Q is semi-orthogonal. 

(2) Let A or B be one of the locally free sheaves O^, 0, <S£, or Q on . Then 


H'{A* ®B{-t))=Q for < 


l<t<5:n = 3, 
t = 6, 7 : n = 3 and A= Oa. 
1 < t < 9 : n = 4. 


The rest of this section is devoted to our proof of Theorem l5.ll where we compute 
the cohomology groups H*{A* ® B{—t)) for n = 3 and 1 < t < 7 and for n = 4 and 
1 < t < 9. Our strategy is to reduce the computations of cohomology groups on 
to those on ^ and use Theorem 12.II for the G(3,6)-bundle G(n — 3, U). 

Let be a locally free sheaf on W and 5^2 := Since —>• is a 

blow-up of a smooth variety, it holds that 


(5.1) 


where {—t) on the right hand side represents the twist by 0^^{—tM^^). Therefore 
it suffices to compute H’{A 2 * ® B 2 {—t)). 
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5.2. Divisors on Recall the universal sequence (|4.1I1 of the Grassmann bundle 
= G(3, A^0). Taking the determinant and using A®(A^0) = 0 <3f^{2>), we have 

(5.2) det Q = det5* + = det{<S*( 2 . 3 ^ 3 )}. 

Also, since T^ 3 /p(y) = S* ® Q (see (T) p.435]), we have 

(5.3) 

= — det(Q(g)<S*) —(n+l)L ®-3 = —3(det Q+det5*) —(n+l)L ^3 = — 6 det Q+( 8 —n)L^ 3 , 

where we note rank S = rank Q = 3 and we use (15.21) in the last equality. 

We now see some relations among divisors on Note that 

(5.4) + 5Fp 

since is the blow-up along a smooth subvariety of codimension 6 . By this and 
(15.31) . we have 

(5.5) det Q + (8 - n)L^, + 5Fp. 

Proposition 5.2. The pull-back of Oj^{l) is given by 

(det Q) - - Fp. 

Proof Note that vr^ 3 ^ 0 p(A 3 (A 2 Q ))(1) = A^(A^0*), and 7 %*Op(s 2 a .)(!) = S^0. 
Therefore, by the decomposition [TH (4.5)] and the construction of as a 

relative linear projection, we have 

^ 3 (det5*) -Fp = -2L^) = - 2L^,. 

Then we have the assertion by ( 1 ^ . □ 

Proposition 5.3. ^2 is a weak Fano manifold, namely, is nef and big. 

Proof. Note that det Q is nef since Q is the image of the surjection from the globally 
generated bundle 71^3 A^0. By (|5.5D and Proposition [O] we have — -|- 

(n — -I- det Q, which is clearly nef, and is also big since so is ^ 

Proposition 5.4. Let FP be the strict transform of It holds that FP = 

2 M^2 - L'3'2 - Pp ■ 

Proof. By [CT Prop. 2.5, Cor. 5.2], we have 

(5.6) = ff^K^ + {n- 2)F^ = -2{n + 1)M^ + (n - 2)F^. 

By [I^ Prop. 4.21], 7^3 :(%—>■ is the blow-up along Gp. Therefore 

(5.7) =)4F^ + (n-3)Fp. 

Since Gp is not contained in F^, we deduce from (15.61) and (EH) that 

K< 3 p^ = —2{n + + {n — 2)FP + {n — 3)Fp. 

Combining this with (15.51) and Proposition 15.21 we obtain 

(n - 2)FP = (2n - 4 )M ^3 - (n - 2)L^, - {n - 2)Fp. 

Since is a weak Fano manifold. Pic is torsion-free. Therefore we obtain the 
desired equality. 

□ 
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5.3. Case ^ = 0 or S = 0. Among 02 , /^^S{—L), and f^^Q, only 02 
is not the pull-back of a locally free sheaf on We will show that to compute 
^2 ( 8 i B 2 {—t)) for 1 < t < 5 and A 2 = 02 or B 2 = 02 , we may replace 02 
by 4 r, 0 - 

Lemma 5.5. With the notation as in Theorem \^.l[ it holds that 

(5.8) i/*(0; ® B2{-t)) ~ ® B2i-t)), 

(5.9) H^{A*2 0 02(-i)) - H’{A*2 0 7r40(-t)), 

(5.10) H'iQ* 0 02(-t)) ^ i?’(7r40* 0 7r40(-t)) 

for any • and 1 < t < 5. Moreover, (15. 8|) holds also for t = 0 and B 2 = . 

Proof. 

Proof of (|5.8D . By the exact sequence (14.31) . we have 

(5.11) O^0;0 62 (-i) ^7r40*0 62 (-i) ^**4’C)p(Q)(l)®S2(-t)|p, ^0. 
Therefore it suffices to show 

(5.12) iJ*(Pp,4.0p(Q )(1) 0 B2{-t)\F,) = 0. 

Note that this will imply for B 2 = 02 that 

(5.13) iJ*(0;0 02(-t)) ~id*(7r40*0 02(-t)) 

Case n = 4. In this case, this vanishing holds for any t by the Leray spectral 
sequence for : Fp Gp, since is a P^-bundle and the restriction of 

/|r 0 p(£j )( 1 ) 0 B 2 {—t)\Fp to the fiber is a direct sum of 0 pi(— 1 ) by the proof of 
Lemma 2^ In particular, (15.81) holds also for f = 0 and 62 = ii^ t^i® case. 

Case n = 3. If S 2 = 0 ^ 2 ) /^2 vanishing (15.121) holds for 

1 < t < 5 by the Leray spectral sequence for pp-. Fp ^ 3^p since /%. is a P®-bundle 
and the restriction of /^ 0 p(y) ( 1 ) 0 S 2 (—t)|Fp to its fiber is a direct sum of 0 p 5 (—t). 

Suppose t = 0 and B 2 = 0^2- Then (15.81) holds by (15.111) since F['{V* 0 03 ^ 2 ) 
and id*(/^0p(y)(l)) are isomorphic to each other for • = 0 and are zero for • > 0. 

Suppose B 2 = 02- First we calculate the restriction of 02 on Fp. By restricting 
m to Fp, we obtain the exact sequence 

0;|fp ^ 0* 0 0Fp ^ 4’0p(y)(l) ^ 0. 

Since the kernel of V* 0 Opp /f^0p(y)(l) is isomorphic to ffpVlp(y)(l), we have 
the exact sequence 

(5.14) 0 —> £ —7> 02|fp —t ^r2p(y)(l) 0, 

where C is an invertible sheaf on Fp. Taking the determinants in (14.31) . we have 
det02 = 0^{—Fp) 0 /AV*. Therefore C ~ Oppi—Fp) 0 fjpOp(y){\) 0 /AV*. Now 
dualizing (15.141) . we obtain 

(5.15) 0 ^/:^rp(y)(—1) —>■ 02 |fp 0Fp (Fp) 0/^0p(y)(~1) 0 ^0. 

Let P be a fiber of f>p\ Fp —>■ iAp ~ P(14). We have the vanishing (15.121) for 
1 < t < 4 since the restriction to P of 02 |f is isomorphic to 0®^ © 0f(— 1) by 
(I5.15p . Finally we consider the case where t = 5. By the Serre duality, it suffices 
to show the vanishing of 

id8-(Fp,/!S.0p(y)(-l)0 0;(-det Q2+Fp)|Fp), 
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which can be seen by twisting (15 .1411 with ® OFp[— det Q 2 + Fp). 

Proof of (|5.9p and (|5.10p . By the exact sequence (14.411 . we have 

0 —>■ ® i?( —t) —>■ 02 <81 )(~1) 0 + Pp)|Fp 0 

for a locally free sheaf S' on It suffices to show the vanishings of 

(5.16) H'{Fp,f^Op^o)i-^)^n-tM^2+Fp)\Fp) (1<<<5) 

with S = 0 ^2, p^^S{—L^^) for (15.9p . and with for (j5.10p in view of 

(I5.13p . Since Q*\vp — S[—Lc 3 ^^)\-pp by Proposition 14.91 we have only to consider 
the cases S' = 0%, 1 < ^ < 4, the vanishings of (15.161) follow 

from the Leray spectral sequence for pp: Fp ^ (^p since pp is a, P®-bundle and 
the restriction of /^Op(Q )(—1) <8 + ^p)\fp to the fiber is a direct sum of 

Op5{—{t + 1)) by Proposition 15.21 For t = 5, note that (15.161) is Serre dual to 

(5.17) i7*'(Fp,4,Op(Q)(l)8S*(p;,(-detQ-L3r3))|^J 

with •' = 8 — • for n = 3 and •' = 12 — • for n = 4 by (15.5p and Proposition 15.21 
Since p^^ is the blow-up of a smooth variety and "S = p^ds with a locally free sheaf 
S 3 on each of (15.171) is isomorphic to 

(5.18) i7*'(^p,/t^0p(Q)(l)<8S3(-detQ-L^3)|^J. 

Using Proposition 14. 101 fl) and (2), we can write 

f iLg^p) for S 3 = 0^3 

Ov(a )(1) ® S 3 (- det Q-L^,)Wp = \ (7^y/7^„_2)*(-2L^J for S 3 = Q* 

7rp0(—for S 3 = ■ 

We see that all H* {^p, — )’s of these sheaves vanish when restricted to fibers of 
TT-p : ^p = P(0) —>■ G(n — 3, V). Hence, by the Leray spectral sequence for Tr-p, all 
of (15.181) vanish, too. □ 

5.4. Case 0 < t < 5. By using the following lemma, we can reduce our computa¬ 
tions of cohomology groups to those on in the case where 0 < t < 5: 

Lemma 5.6. 

(1) R‘^Ps/-^^:0^^{tFp) = 0 for any t < 5 and q > 0. 

(2) P 3 f 2 *^^ 2 itFp) = for t > 0. 

Proof. (1) follows from the relative Kodaira vanishing theorem since tFp — K^.^ =' 3 % 
(f — 5)Fp is p^^-nei and /^^-big if t < 5. (2) is a standard result. □ 

In view of Lemma l5.51 we will replace 02 by if .42 or B 2 = 02 j and write 
.42 or B 2 = 7 ^ 2 ^- Then, in any case, .42 and B 2 are the pull-back of a locally free 
sheaf .43 and S 3 on Therefore, by the Leray spectral sequence for p^p^, and 
Proposition 15.21 and Lemma 15^ we have the following: 

Lemma 5.7. 

(5.19) H*{^ 2 , A *2 (S> B 2 {-t)) - ( 8 )B 3 {-t det Q + tL^,)) (0 < t < 5). 

Proof of Theorem 15.11 for 0 < t < 5. We have only to show the vanishing of 
H*{^ 3 ,A* 3 ® Bsi-tdet Q + tL^,)) for 1 < t < 5 and . 43 ,S 3 = C>^ 3 , 0 ,S*(L), Q, 
andfort = 0and (. 43 , S 3 ) = (0, 0 ^ 3 ), {S*{L),0^,), ( 2 , 0 ^ 3 ), {S*{L),£l), (Q,0), 
or iQ,S*{L)). 
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Let G ~ G(3,6) be a fiber of Noting and O are the pull-backs of locally 
free sheaves on we see that the restriction of Al 0 B 3 {—t det Q + ) to G is 

a direct sum of the following sheaves: 

Oci-t) 

S\G{-t), S*\G{-t), 

(5.20) QlG(-t), QlG(-i), 

5|G0Q|G(-i), 5*|G0QlG(-i), 

5*|g 05|g(— t), Q*|g0Q|g(— i) 

By Theorem 12.11 all the cohomology groups of the sheaves in (15.201) vanish for 
0 < t < 5 except for t = 0 and 5 *|g, Q|g, '5*|g 0‘5|g, or Q*\g 0 Q\g- Therefore 
we may show Theorem 15.11 by the Leray spectral sequence for . □ 

In the subsequent subsections, we will reduce the proof of Theorem in the re¬ 
maining cases to the case where 1 < t < 4. 

5.5. Case n = 4 and 6 < t < 9. In this case, we have only to show the following: 
Proposition 5.8. For C = A* ^ B as above, it holds 

for any integer t. 

Then the proof of Theorem 15.11 in the case where 6 < t < 9 is reduced immedi¬ 
ately to the case where 1 < t < 4. For our proof of the above proposition, we note 
that each of the cohomology groups H*{W,C{—t)) is Serre dual to 

H^^-{¥,C*{{t - 10)M^ + 2F^)). 

Then, from the exact sequence 

0 ^ C*{{t-lQ)M^+{i-l)F^) ^ C*{{t-lO)M^+iF^) ^ C*{{t-lO)M^+iF^)\F^ ^ 0, 
we see that it suffices to show the following vanishings: 

(5.21) F[^^~'{F,^,Ai) = 0 for i = 1,2 and any#, 
where we set 

A ■.= C*iit-10)M^ + iF^)\F^. 

We evaluate the cohomologies (15.211) on the exceptional divisor F^ by using the 
flattening Q' of the contraction —?► G@r, which we have constructed in 

[T^ Subsect. 5.5]. We will use the notation there freely. Note that, since the mor¬ 
phism F —>• F^ is finite, and F has only rational singularities by its construction, 
the desired vanishings follow from the vanishings of the cohomology groups of the 
pull-backs of Ai on F^). Also, since the morphism F^) —>• G' is flat, we have 
only to show the vanishing along its fibers. Then, by the upper semi-continuity 
of cohomology groups on fibers, it suffices to prove the vanishing on the fibers 
Fib^^^Vs, Vi, Vi) = A U F over the points ([V3]; [V4], [14]) S G', where we refer [Ml 
Prop. 5.11] for the notation. Note that the restriction of the pull-back of to 
the fibers is trivial. Therefore, it suffices to show 

(5.22) F*(A U B,C*A^B{iFAuB)) = 0 (i = 1, 2), 
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where Caub and Faub are the pull-backs of C and to AU B, respectively. We 
recall A = P(C’G( 2 .y 4 ) ©^ 0 ( 2 , 14 ) ( 1 ))|g( 2 .V 3 ) and a natural morphism A ->• 0 ( 2 , 14 ) = 
P(14*)- Also recall that Eab = A fl S is a divisor on A. 

In Lemma lA.ll in Appendix we describe several pull-backs to A and B of 
locally free sheaves on ‘3^. Using this we can complete our proof of Proposition [A 8 ] 
as follows: 

Proof of Proposition [5751 It suffices to show the vanishings of (15.221) . Tensoring 
C*a\jb{^Paub) with the Mayor-Vietris sequence, we have 

(5.23) 0 -A C'^yj^iiFAuB) C\{iFA) (B C’giiFB) -A C\f-yB{iFAnB) 0, 

where Ca, Cb, and Cahb are the restrictions of Caub to A, B and ACiB respectively, 
and Fadb is the restriction of Faub to A D B. By using Lemma [A.II (1), it is 
straightforward to verify the vanishings of F[*{A,C\{iFA))- Also, by Lemma [A.II 
(2), we see that the restriction maps F[*{B,Cg{iFB)) -A H*{A D B,C\^g{iFAuB)) 
are isomorphisms. Then we have the desired vanishings of iL*(AUi?, (iFaub))- 
□ 

5.6. Case n = 3 and t = 6,7. For n = 3, it remains to show the vanishings of 
iL*( 6 (— 6 )) and F[*{B{—7)) for B = Q, S^, or Q. For this, we have only to 
show the following: 

Proposition 5.9. It holds 
for any integer t. 

Proof. We can show the assertion in the same way to the proof of Proposition 15.81 
using Lemma lA.il □ 

5.7. Calculating Q*®Q{M)). In the last part of the proof of [151 Thm. 8.3.2], 

we use the following lemma: 

Lemma 5.10. Suppose n = 3. There exists a unique Sh {V)-equivariant map 
Q* MO ^ -A Q*{M) Kl 0£-{H) up to constant. 

Proof. We compute 

H°{Q* (g) Q(M) K ~ Q* 0 Q{M)) g) iJ°( JT, 0^{H)). 

We have {7^, O{H)) ~ S^U*. To compute Q* g) Q{M)), we tensor 

Q* ® Q to the exact sequence 

0 -)> 0 ^{M) ^ det Q g) aV* -)> det Q\f, gi 0 

induced from Proposition l5.2l By Theorem l2.1l and the Littlewood-Richardson rule, 
we have 

i7°(^, Q* 0 Q(det Q)) 0 A^W ~iL°(^,A 2 Q 0 Q) 0 A'‘W ~ 

(A^iA'^V) © ^2 ^ 

By the plethysm of the Schur functors 

A^{A^V) ~ © ^(2,2.2,0)y^ 
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5 -( 2 , 1 , 0 , 0 , 0 , 0 ) /\2 y _ 5 -( 2 , 2 ,l,l)y ^ 5-(3,2,l,0)y^ 

we obtain 

(5.24) H°{^,Q* (^Q{detQ))^A'^V* ~ 

5 -( 2 , 0 , 0 , 0 )y ^ 5 -(l,l,l,-l)y ^ 5 -(l,l, 0 , 0 )y ^ 5 -( 2 ,l, 0 ,-l)y 

By Proposition 14. lOL we have 

H°{Fp, Q* 0 Q(det Q)\f,) ® aV* ~ 

H°{¥{V), (r!j.(y)(l))* 0 f^P(y)(l) ® ^P(V)(2)) ® aV. 

By Theorem 12.11 and the Littlewood-Richardson rule, we obtain 

(5.25) H°{Fp, Q* 0 Q(det Q)|fJ 0 aV* ~ ^(i.i,i.-i)y ^ 5 -( 2 .i,o.-i)y 

Since the identity of Hom(Q, Q) induces that of Hom(Op^^^(2), np^y^(2)), the 
component 5 I*^^A 4 ,-i)y (|5,24l) is mapped isomorphically in (15.251) . Therefore, 

i?°(^, Q*®Q{M)) consists of at most Z(A 0 . 0 . 0 )y _ s 2 y^ 5 -(l.l, 0 , 0 )y^ ^( 2 ,l, 0 .-l)y 

(it seems that Q* 0 Q{M)) ~ 5 l( 2 .o,o,o)y 0 ^(i,i,o,o)y need to 

prove this). Hence SL (P)-invariant sections of , Q*®Q{M))®Fl'^{^^ O^{F[)) 

come from the identity element of 0 S^R* up to constant. □ 

5.8. Lefschetz collection in It is straightforward to obtain the following 

result from Theorem EH 

Corollary 5.11. Suppose n = 3. Let A := {3, 2,1^, If,} he an ordered set (A, -<). 
Define 

{Sa)aGA ■= {£ 3 , £ 2 , £la, £lb) = 0, S^, Q) 

be an ordered collection of sheaves. Set 

:= (£:3,^2,^:ia,^ib) c 0 ''(^). 

Then 

..., 0^(5), 0^(6), 0^(7) 

is a Lefschetz collection, where ft) represents the twist by the sheaf O^ftM). 

Remark 5.12. By similar calculations to show Theorem 1 5. 11 we obtain the following: 

(1) The ordered collection of sheaves {£ 3 ,£ 2 ,£ia, £ib) is a strongly exceptional col¬ 
lection in 0 '’(;^). 

(2) Horn’s of the sheaves in the above collection are given by the following diagram: 



In case n = 4, the following Lefschetz collection is suitable for our purpose (see 
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Corollary 5.13. Suppose n = 4. Let A := {3, 2, la, lb} be an ordered set (A, -<). 
Define 

(fa)aeA := = {Sl, Q* , O^, Q* (M)) 

be an ordered collection of sheaves on . Set 

:= {S^,S2,8u,Sh) CV\¥). 

Then 

is a Lefschetz collection, where (t) represents the twist by the sheaf 0^{tM). 
Proof. Writing , X>^(9) explicitly, we obtain 

Sl, Q*, O^, 

Q*{PI), SUM), Q*{M), 0^{M), 

Q*{9M), SUQM), Q*{9M), 0^{9M), 

Q*{10M). 

Let C be any sheaf in this sequence except Q*(10M). Then, by Proposition 15.81 
we have Hom*(Q*(10M),C) ~ Hom*(C, Q*). Hence we may replace the sequence 
by V,'D'{1),... ,D'(9) with V = {Q*, Sl, £1*, 0^)- Now the assertion follows 
immediately from Theorem 15.II □ 

Remark 5.14. By similar calculations to show Theorem l5.ll we obtain the following 
(see [l3]): 

(1) (^o) agA is a strongly exceptional collection. 

(2) Horn’s of the sheaves in the above collection are given by the following diagram: 



m Theorem 1] seems to be difficult to apply for the resolution ^ to obtain 
a categorical resolution of D^{fV). However, we expect that the Lefschetz collec¬ 
tion 2?^(1),..., 2?^(9) gives a Lefschetz decomposition of a strongly crepant 
categorical resolution, if exists, of TUlfifL), 

Appendix A. Pull-backs of sheaves to the flattening of Ggr 

In this section, we consider the situation as in M Subsect. 5.5] and use the 
notation there freely. 

Here we fix Vn-i and Vn, and consider sheaves on the fiber Fih^^\Vn-i, Vn, 14.) = 
A U H of ^ Q'. 
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Lemma A.l. Denote by Ha the pull-back on A o/Op(y We denote by £a 

and £b the pull-backs of a locally free sheaf £ on ‘W to A and B, respectively. In 
particular, Fa and Fb stand for the pull-backs of F^ to A and B. Then we have 
the following isomorphisms : 

(1) Fa ^ -{Fab + IHa), {Sb)a — Qa — Oa ® V, and ~ C>®^ 0 V with a 
locally free sheaf V given by a unique non-split extension 

0 ^ Oa{Ha + Fab) ^ V ^ Oa{Ha) ^ 0. 

(2) Fb — PBC’G(n-3,p„_i)(-l); {Sl)b — Qb — Ob ©p|jOy„_i, and Qb ^ © 

p|ji3vw_i, where 0v'„_i is the universal quotient bundle on G(n — 3, o,nd 

Pb- B —^ G(n — 3, y„_i) is given in |14L Prop. 5.10 and 5.11]. 

Proof. Let G be the exceptional divisor ioi A ^ A and L^, and Fab the 
pull-backs on A of OG(ra- 3 .v„_i)(1)) Ha and Fab, respectively. 

Step 1. Fab F ‘^H^ — G = L^. 

As in m Prop. 5.13], we denote by Syi C A the locus of p-conics, which is a 
section associated to an injection to an injection > Op(y ) © Tp(v )• 

Let I be the ideal sheaf of s .4 in A, and consider the exact sequence 

0 —^ Oa{Fab + ‘IHa) Oa{Fab + ‘IHa) Os^{2 Ha) —^ 0, 

where the last term is obtained since sa H Fab = 0- Let tta'- A ^ be the 

natural morphism. Then t:a*{Oa{Fab + 2.Ha)®T) ~ llp^y. ^(2) ~ 

From this, we see that the natural map 

H\Oa{Fab + 2Ha)^T) ®Oa^ Oa{Fab + 2Ha) 0X 
is surjective and H°{Oa{Fab +2Ha) ® T) ~ 

This is equivalent to that \Fab + 2H^ — G\ is base point free and it defines a 
morphism $: A —)■ $ factors through Agr^ since it contracts Fab. 

Let A @^2 P(A"“^Ki-i) be the induced morphism. $' does not coincide with 

A @^2 Aay since the latter contracts the image of G. Therefore $' induces the 
quadric fibration A®^^ —^ G(n— 3, Vn-i). In particular, we have Fab+2H^—G = 
as desired. _ _ 

Step 2. det(<S2)A = det Qa = Fab + 2Ha- ^ 

By (15.2|) . we have only to determine det Qa- Note that G coincides with the 
pull-back of where Fp is the exceptional divisor of ^ Therefore, 

by Proposition 15.21 we have det Qa = G + since is trivial on a fiber of 
F^ —>• Ggr. Now the assertion follows from Step 1. 

Step 3. Fa = — {Fab + 2Ha)- 

By Proposition 15.41 we have FP = — Fp. Since G coincides with 

the pull-back of Fp ]^2 and is trivial on a fiber of F^ it holds that 

F^ = —{L^ + G). Therefore the assertion follows from Step 1. 

Step 4. [SI)a^Qa^Oa®V. 

We investigate the restriction of the universal exact sequence 63 ) on AgTj. Let 
Sa^,^ and QAgrg be the restrictions of S and Q, respectively. Then we obtain 

(A.l) 0 5 ^ 3,3 ->■ 7r^g,^(A^0|G(n-3,y„_i)) 2 a »-3 ^ 0 . 
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Q|G(n-3,v„_i) splits as 

^lG(n-3,y„_i) — -Oyr.-! ® V/Vn-l ® C>G(n-3,y„_i)- 

Therefore we have the following isomorphisms: 

(A.2) (n|G(n-3,y„_i)) - 

C’G(n-3,y„_i)(l) ® ® {y/yn-l)^ ® A^(y/14-l) ® ClG(n-3,y„-i)- 

Let [14,-3] be a point of G(n — 3,14-i)- (IA.2|) means fiberwise 

(A.3) (IA/14-3) - a2(14-i/14-3) ® (I 4-1/K-3) ® (f^/14-i) ® a2(1A/K-i). 

Now we recall [H Rem. 5.14]. Let L be the fiber of G{n — 3,14-i) over 

[14_3]. The vertex of the quadric cone L corresponds to the cr-plane Py„/y„_3 = 
{C^ C 14/14-3}- Points [Py„_2/v„_3] which correspond to p-planes and are con¬ 
tained in r satisfy 14-3 C 14-2- Since P is the cone over the Veronese curve 
^^2(1P(14 -i/ 14-3)), it is swept out by lines joining [Pv„/y„_3] and [Py„_2/v„_3] such 
that 14_3 C 14-2 C 14-1. A line in G(3, A^(V/14_3)) is of the form {W 2 C C 
W4} with some Wi ~ C* (i = 2,4). We take a basis ei,..., 64 of V/14-3 such that 
14-2/14-3 = (ei), 14 -i/ 14-3 = (61,62), and 14/14-3 = (61,62,63). For the line 
joining [Py,/y,_3] and [Py„_2/y„_3]! it is easy to see that 

IP2 = (61 A 62,61 A 63 ) ~ a^(14_i/14-3) ® ( 14-2/14-3) ® (14/14-i)j 
IP4 = (61 Ae2,61 Ae3, 61 Ae4, 62 Aes) C A^(14-i/14-3)® (14-i/14-3)® (P/14-i), 

and 

(a2(K_i/V„_3)©(K_i/V„_3)®(V/K_i))/ 1V4 - (62Ae4) ~ K_i/K_2©y/14. 
As for S^, these imply the following: 

• We can see that contains the line bundle with fiber A^(14_i/14-3) 
as a direct summand. Hence, let us write 5^ = S'^ © with a locally free 

sheaf iSL of rank two on A. 

A 

• S'^ contains a sub line bundle with fiber (14_2/14-3) ® (14/14-i), which 
is isomorphic to —H^ + L^. 

Therefore, by Step 2, we obtain 

0 S'^{-L^) -A- 0^{-H^ - Eab) 0. 

Since all the terms of the exact sequence are the pull-backs of locally free sheaves 
on A, the dual of this exact sequence descends to 

0 -A Oa{Ha + Eab) ('^l)a Oa{Ha) 0, 

where {S'j^)a is the locally free sheaf on A such that its bull-back on A is equal 
to {S'£)*{L^). This sequence does not split since {S'j^)a comes from a locally free 
sheaf on A^ while Ha does not. From 

E^t\OAiHA),OAiHA + Eab)) ^ 

H\A,Oa{Eab)) 0 , H\¥{V:_,),Oriv:_,)(Bill^v:_,)) ^ C, 

such a nonsplit extension is unique, which we denote by V. Thus we obtain (S^)a — 
V © Oa, with a locally free sheaf V as described in (1). 

Similarly, as for Q^, the above facts imply the following: 
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• We can see that contains the line bundle with fiber /\^{V/Vn-i) as 
a direct summand. Hence, let us write = Q'^ 0 with a locally free 

sheaf Q'^ of rank two on A. 

• Q'^ have a quotient line bundle with fiber Vn-i/Vn -2 ® V/Vn, which is 
isomorphic to H^. 

Therefore, by Step 2, we obtain 

0 ^ 0{H^ + Eab) Q!^ 

In a similar way to determine (5 £)a, we may obtain Qa ~ V © Oa as desired. 

Step 5. Qa ^ Of © V. 

By [131 Rem. 5.14], D ~ P(£Jv„_ J ~ F(n — 3, n — 2, R„_i). Restricting 
(Ol) to At ^^, we obtain 

(A.4) 0 ^ ^ ^ 

Ol 

where we set V^a^^ = ^^2 i : P(Qy^_J ^ and use 
7^2/7^l Op(Q)(-l). Since Hom(OA^^, Op(Q (1)) = = 0, we 

have the decomposition ^Aa^^ — C>a^ ® V' and also 

(A..5) 0 —>■ V' —)• T4g,2^y„_i '■*^P(£5 v„_i)(l) 0. 

Note that tt^ is a F2-fibration and it decomposes as H —)• P(£3y„_i) —)• G(n — 
3, Vn-i)- On P(Qy^_ J ~ F(n — 3, n — 2,14-i), we have a natural exact sequence 

0 -5> 7f£}y^_^ -j> C>p(Q,^^_j(l) 0. 

Pulling back on A, we obtain 0 —>■ 0^{—H^) 0 such 

that the composite of with ^vk-i ''*^P(av i)(l) 

is a 0-map. Therefore it induces an injection —> V' with a locally free 

cokernel. Computing the determinants, we obtain 

0 -^V'^ 0^{H^ - L^ - G) ^ 0. 

Since — G= —H^ — Eab by Step 1, we obtain Qa — 0®^ © V in a similar 

way to determine {S^)a- 

Step 6. Fb, {SI)b, Qb and 0 b. 

By [141 Prop. 5.10 and 5.11], the image of B on is the G(n — 3,14,_i) in 
A^. Therefore, Fb, {SI)b, Qb and Qb, respectively, are the pull-backs of the 
restrictions of F^, Q, and 0 to G(n — 3,14,-i). Since Fa\eab — —{Eab + 
2F[a)\eab by Step 3, and this is the pull-back of 0G(n-3.y„_i)(—1); we have Fb = 
PB0G(n-3.v„_i)(-l)- Also, since 0yi ~ Oa © (SI)a Oa® Qa as above, we 
have Qb — Ob © {S}Ab — Ob © Qb- Thus we have only to determine Qb- 
Since G(n — 3, Ri-i) is contained in the locus of u-plane, it is disjoint from the 
locus Gp of p-conics. Therefore, by (14.4L we have Qb — PB(0]G(n-3.v„_i)) — 
Of®p^(0y_J. ’ □ 
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